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Abstract For any positive integer n, the famous F.Smarandache LCM function SL(n) is 
defined as the smallest positive integer k such that n | [1,2,--- ,&], where [1,2,--- ,&] denotes 
the least common multiple of 1,2,--- ,4. The main purpose of this paper is using the elemen- 
tary methods to study the mean value distribution property of (P(n) — p(n))SL(n), and give 


an interesting asymptotic formula for it. 
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§1. Introduction and Result 


For any positive integer n, the famous F.Smarandache LCM function S'L(n) defined as the 
smallest positive integer k such that n | [1, 2, --- , &], where [1, 2, --- , k] denotes the least 
common multiple of 1, 2, ---, &k. For example, the first few values of SL(n) are SL(1) = 1, 
SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, SL(7) = 7, SL(8) = 8, SL(9) = 9, 
SL(10) = 5, SL(11) = 11, SL(12) = 4, SL(13) = 13, SL(14) = 7, SL(15) = 5, ---. From the 
definition of SZ(n) we can easily deduce that if n = p? pS? ---p®" be the factorization of n into 


primes powers, then 
SL(n) = max{p{"," os ae | eee (1) 


About the elementary properties of SZ(n), many people had studied it, and obtained some 
interesting results, see references [1], [2] and [3]. For example, Murthy [1] porved that if n be 
a prime, then SL(n) = S(n), where S(n) be the F.Smarandache function. That is, S(n) = 
min{m: n|m!, me N}. Simultaneously, Murthy [1] also proposed the following problem: 


SL(n) = S(n), S(n) An? (2) 


Le Machua [2] solved this problem completely, and proved the following conclusion: 


Every positive integer n satisfying (1) can be expressed as 


1 2 


n=12 or n=pi'ps?-:- pep, 


where pj, p2, °*-, Pr, p are distinct primes and aj, a2, ---, @, are positive integers satisfying 


p>pe,i=1,2,---,r. 


70 Yanrong Xue No. 4 


Zhongtian Lv [3] studied the mean value properties of SZ(n), and proved that for any fixed 


positive integer k and any real number zx > 1, we have the asymptotic formula 


nT x? By 2? x 
She t | o(=ar), 


a 
n<u i=2 Ine 


where c; (¢ = 2,3,--- ,&) are computable constants. 
Jianbin Chen [4] studied the value distribution properties of SZ(n), and proved that for 
any real number x > 1, we have the asymptotic formula 


Tsu) —Pemy=2-¢(2)- +0 ( | 


n<x 


where ¢(s) is the Riemann zeta-function, and P(n) denotes the largest prime divisor of n. 
Xiaoyan Li [5] studied the mean value properties of P(n)SL(n) and p(n)SL(n), and give 

two sharper asymptotic formulas for them, where p(n) denotes the smallest prime divisor of n. 
Yanrong Xue [6] defined another new function SZ*(n) as follows: SL*(1) = 1, and if 


n = pt'ps?---pe be the factorization of n into primes powers, then 


SL* (n) = min{py", p>’, wee 3 ob (3) 


where pi < po < +++ <p, are primes. 

It is clear that function SL*(n) is the dual function of SL(n). So it has close relationship 
with SL(n). About its elementary property of the function SZ*(n), Yanrong Xue [6] proved 
the following conclusion: 


For any positive integer n, there is no any positive integer n > 1 such that 
s 
+ 
an SL*(d) 


is an positive integer, where S- denotes the summation over all positive divisors of n. 
d\n 
In this paper, we shall study the value distribution properties of (P(n) — p(n))SL(n), and 


give a sharper asymptotic formula for it. That is, we shall prove the following: 


Theorem. For any real number x > 1 and any positive integer k, we have the asymptotic 


formula 
Ed as 
P(n) — p(n))SL(n) = ¢(3) - 28 - 2 +0(—ar), 
LPO) ~ Plo) SH) = 68) 2° +0 (Sears 
1 
where ¢(s) is the Riemann zeta-function, 6; = 3? b; (i = 2,3,--+ ,k) are computable constants. 


§2. Proof of the theorem 


In this section, we shall complete the proof of the theorem directly. For any positive integer 
n > 1, we consider the following cases: 


A:n=ny-p,m <p,and SL(n)=p; 
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B: n=ng-p,n2>p,and SL(n) =p; 
C:n=m- p*, a> 2, and SL(n) = p*; 
Now, for any positive integer n > 1, we consider the summation: 
So (P(e) = p(n))SL(n). 
n<u 
It is clear that if n € A, then from (1) we know that SL(n) = p. Therefore, by the Abel’s 
summation formula (See Theorem 4.2 of [7]) and the Prime Theorem (See Theorem 3.2 of [8]): 


—_ In 
where a; (t= 1,2,...,&) are computable constants and a; = 1. 
We have 
Yo (P(r) = p(n) SL(n) = So (P(r) = v(n)) SL(n) 
n<a nx 
neEA n=n1-p,ni<p 
SL(n)=p 
= SS SS Plru-p)- lr -p))p 
Ni SV MSPS Fy 
= SS D>S &=pP(r))p 
1 SVE NSPS yy 
= © dX P- dX} Dd orlmdp, (4) 
ny SVJe M1 SPS ny SVe MSPS FP 
while 
5 x? x my 3 
p= —a(—]— f  2yn(y)dy + O (nj) 
a ny ny ny 
ni <Ve MSPS Fy nisVJr 
3 Kk 3 
x b; By 
=~ Sate +o( es) | 
nicVJe 1 j=l ni 1 
k 
b; x? ) 
= 3)-2°- —+0O ; 5 
G8) Dieta (sa (5) 
: : ; 1 
where ¢(s) is the Riemann zeta-function, b; = 3? b; (i = 2,3,--+ ,k) are computable constants. 


Note that p(ni) <1, we have 


SSS plump = SYS pm) SS pv 


n1 SVE MSPS nyi<VJx ni SPSay 


ll 
= 
3 
~~~ 9 

| 8 
y 
a™~ 
Fla 
SS 
| 
s— 
a 
= 
Q 
ed 
+ 
1) 
oe 
So 
— 


«< SY pm) ——«K YY — =002?). (6) 
nixve 
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From (4), (5)and (6) we have 


k 
(Pen) = ple) Sin) = 6(3) 2° +0 (=), (7) 


n<u i=l 
neA 


where b; = =, }; (¢ = 2,3,--- ,&) are computable constants. 
Ifn € B, SL(n) = p, then by the Abel’s summation formula and the Prime Theorem, we 
can deduce the following: 


do (P(n) — p(n))SL(n) = do (P(@) = p(n) SL(n) 


na n<a 
neB N=N2-p,Nya>p 
SL(n)=p 


= SO (p—p(ne))p 


N2-PSx 
n2>p 


Dap Xa” 


N2-pSx p<Ja P<ng< 
n2>p 


If n € C, then SL(n) = p*, a > 2. Therefore, using the Abel’s summation formula and 
the Prime Theorem, we can obtain: 


Yo (P(r) = (n))SL(n) 


I 
= 
S 

| 
. 
So 
uw 
cs 
S 


n<a nx 
nec n=mM-p* ,a>2 
SL(n)=p% 
= So (Pim: p*) = p(m- p*))p® 
mp <x 
a>2 
« Pome yd De 
mp <x pO Sa MS fe 
a>2 a>2 
x 
<> = ee 
po Sa po <a 
a>2 a>2 


I 
8 
aM 
Ss, 

I 
8 
ae 
Ss, 
nN 
Be 
S 
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Now, combining (7), (8) and (9) we may immediately obtain the fowllowing asymptotic 
formula: 


k 
bj a? 
P(n) — p(n))SL(n) = €(3) - 2? - W+0(—ar), 
2PM) SHO =O 8") ag +O pea, 
where P(n) and p(n) denote the largest and smallest prime divisor of n respectively, ¢(s) is the 
Riemann zeta-function, b; = —, b; (¢ = 2,3,--- ,&) are computable constants. 

This completes the proof of Theorem. 
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